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ON INTEGER SOLUTIONS TO x5− (x+1)5− (x+2)5+(x+3)5 = 5m+5n
GEOFFREY B CAMPBELL AND ALEKSANDER ZUJEV
Abstract. We give an infinite number of integer solutions to the Diophantine
equation x5− (x+1)5− (x+2)5+(x+3)5 = 5m+5n, and some solutions to some
similar equations.
1. A new kind of Diophantine equation with solutions
One of us, in other investigations, found the equation
(1.1) 15615 − 15625 − 15635 + 15645 = 57 + 516.
He mentioned this in a public communication on LinkedIn, which led to a discussion
between the two authors of this note.
Subsequently, we found the following
Theorem 1.1. For positive integers k,
(1.2)
(
5k − 3
2
)5
−
(
5k − 1
2
)5
−
(
5k + 1
2
)5
+
(
5k + 3
2
)5
= 5k+1 + 53k+1
This theorem is trivially verified in Mathematica, Maple, or an online engine such
as WolframAlpha. The equation (1.2) gives us an infinite number of integer solutions
to,
(1.3) x5 − (x+ 1)5 − (x+ 2)5 + (x+ 3)5 = 5m + 5n,
which is the same as saying
(1.4) 10(2x+ 3)(2x2 + 6x+ 7) = 5m + 5n.
The set of integer cases of 1.2, starts with:
(1.5) 15 − 25 − 35 + 45 = 53 + 54,
(1.6) 115 − 125 − 135 + 145 = 54 + 57,
(1.7) 615 − 625 − 635 + 645 = 55 + 510,
(1.8) 3115 − 3125 − 3135 + 3145 = 56 + 513,
(1.9) 15615 − 15625 − 15635 + 15645 = 57 + 516,
(1.10) 78115 − 78125 − 78135 + 78145 = 58 + 519,
(1.11) 390615 − 390625 − 390635 + 390645 = 59 + 522,
(1.12) 1953115 − 1953125 − 1953135 + 1953145 = 510 + 525.
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Evidently the above theorem is a new result. Extensive searches of the literature
have not unearthed the above result, nor does it seem there are known similar types
of identity where such high powers are involved in the right side. The obvious
internet place to look online is the book by Tito Piezas III [4]. Also, Andrews [2] is
a good modern text to browse and Dickson’s very old but detailed text [3] is also a
good resource.
2. Further new similar results with solutions
The authors also have found similar results to the above theorem for third and
fourth power consecutive numbers. For example,
Theorem 2.1.
(2.1)
(
6k − 3
2
)3
−
(
6k − 1
2
)3
−
(
6k + 1
2
)3
+
(
6k + 3
2
)3
= 6k+1.
Theorem 2.2.
(2.2)
(
6k − 3
2
)4
−
(
6k − 1
2
)4
−
(
6k + 1
2
)4
+
(
6k + 3
2
)4
= 62k+1 + 10.
These results, as mentioned, seem to not be in the literature, and are perhaps,
strangely new. Some first few cases of (2.1) and (2.2) are given by:
(2.3)
(
3
2
)3
−
(
5
2
)3
−
(
7
2
)3
+
(
9
2
)3
= 62,
(2.4)
(
33
2
)3
−
(
35
2
)3
−
(
37
2
)3
+
(
39
2
)3
= 63,
(2.5)
(
213
2
)3
−
(
215
2
)3
−
(
217
2
)3
+
(
219
2
)3
= 64,
(2.6)
(
1233
2
)3
−
(
1235
2
)3
−
(
1237
2
)3
+
(
1239
2
)3
= 65,
(2.7)
(
7773
2
)3
−
(
7775
2
)3
−
(
7777
2
)3
+
(
7779
2
)3
= 66.
Also,
(2.8)
(
3
2
)4
−
(
5
2
)4
−
(
7
2
)4
+
(
9
2
)4
= 63 + 10,
(2.9)
(
33
2
)4
−
(
35
2
)4
−
(
37
2
)4
+
(
39
2
)4
= 65 + 10,
(2.10)
(
213
2
)4
−
(
215
2
)4
−
(
217
2
)4
+
(
219
2
)4
= 67 + 10,
(2.11)
(
1233
2
)4
−
(
1235
2
)4
−
(
1237
2
)4
+
(
1239
2
)4
= 69 + 10,
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(2.12)
(
7773
2
)4
−
(
7775
2
)4
−
(
7777
2
)4
+
(
7779
2
)4
= 611 + 10.
It would seem that these type of identities may be easily derived, and that the results
of the present note are not the final word on this topic.
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